In this paper we study the set of comultiplications on a wedge of a finite number of spheres. We are interested in group theoretic properties of these comultiplications such as associativity and commutativity and loop theoretic properties such as inversivity, power-associativity and the Moufang property. Our methods involve Whitehead products in wedges of spheres and the Hopf-Hilton invariants. We obtain extensive results for a restricted class of comultiplications, namely, the one-stage quadratic or cubic comultiplications.
Introduction
Spaces with a comultiplication, also called co-H-spaces, are of fundamental importance in the study of homotopy theory. The main reason for this is that any two homotopy classes of maps from a co-H-space X to any space Y can be added together to yield a homotopy class from X to Y . This gives a natural binary operation with identity on this set of homotopy classes which has the structure of an algebraic loop (see Section 6) . If the comultiplication is associative, then this algebraic loop is a group, and the group operation depends on the comultiplication of X . An important class of co-H-spaces consists of spaces which are suspensions, in particular, all n-spheres, n 1. It is the associative comultiplication of the n-sphere S n which induces group structure on the nth homotopy group of Y , the set of homotopy classes of S n into Y . For n 2, this comultiplication is unique and commutative up to homotopy (which is the reason that the nth homotopy group is abelian). It is easily seen that the wedge of a finite number of co-H-spaces is a suspension and thus has a suspension comultiplication. It is therefore natural to ask about the comultiplications on a wedge of t spheres, t 2. This set of comultiplications is complex -it often contains many comultiplications which have many different properties. In this paper we examine these comultiplications and some of their properties.
The study of comultiplications of a co-H-space has been carried out by several authors. In [2] comultiplications on a wedge of circles were investigated by using the methods of free groups. In [7] the comultiplications on a wedge of two Moore spaces were considered by means of homological algebra. In [4] and [5] rational homotopy techniques were applied to obtain results for rational co-H-spaces. Furthermore, in [8] and [9] the space used to define the Fox homotopy groups was studied and shown to have the homotopy type of a wedge spheres. However, the natural comultiplication for this space is not the suspension comultiplication.
In our paper [3] we examined comultiplications on a wedge of two spheres. Here we use similar methods to explore the more difficult problem of comultiplications on a wedge of an arbitrary number of spheres. We consider group theoretic properties such as associativity and commutativity as well as loop theoretic properties such as inversivity, power-associativity and the Moufang property. The Eckmann-Hilton dual of a co-H-space is an H-space, and group theoretic and loop theoretic properties of multiplications on an H-space have been widely studied (see [13] and [6] ).
The paper is organized as follows: In Section 2 we give some elementary results on the group structure on the set of comultiplications of any cogroup (that is, associative co-H-space with inverses). In Section 3 and the rest of paper we consider the cogroup X which is a wedge of t spheres and introduce our basic tools, namely, Hilton's Theorem and the Hopf-Hilton invariants. Section 4 is devoted to a study of associativity. After some generalities, we consider one-stage comultiplications on X , that is, comultiplications which are trivial when restricted to all but one sphere in the wedge. For these we obtain extensive results on associativity when the non-trivial part of the comultiplication consists of 2-fold Whitehead products (quadratic comultiplications) or of 3-fold Whitehead products (strictly cubic comultiplications). For these comultiplications we study commutativity in Section 5. Finally, in Section 6 we consider loop properties of the comultiplications mentioned above. We obtain general results for inversivity and power-associativity for any one stage comultiplication and more specific results on all of our loop properties for a restricted class of comultiplications.
Comultiplications
In this paper all spaces are based and have the based homotopy type of based, connected CW-complexes of finite type (i.e., with finitely many cells in each dimension). All maps and homotopies preserve the base point. We do not distinguish notationally between a map and its homotopy class. Thus we write f = g to mean that the homotopy classes f and g are equal or that the maps f and g are homotopic (also written f g). Proof. We first define the group structure in C(Y ) as follows: Let Y Y be the homotopy fiber of j :
is essentially a fiber sequence and hence it follows that there is an exact sequence of groups
Then j * is onto for all Y and so
Therefore we obtain an exact sequence of groups
where the group operations are induced from the cogroup structure (Y , ϕ 0 ).
In this way we obtain a bijection θ : In this notation, we allow any positive number (or ∞) to divide ∞.
Wedges of spheres
In this section and the rest of the paper we restrict attention to comultiplications on wedges of spheres. This enables us to obtain precise and detailed results on properties of comultiplications. We will use the following notation in the rest of the paper.
• X will always denote the wedge of spheres S n 1 ∨ S n 2 ∨ · · · ∨ S n t , where t 2 and 1 < n 1 < · · · < n t .
• k j : S n j → X will be the jth inclusion for j = 1, 2, . . . , t.
Since any comultiplication ϕ on X is completely determined by the elements ϕk j ∈ π n j (X ∨ X), it is necessary to know these latter groups. For this we next recall results of Hilton [10] .
We consider a wedge of spheres W = S 1 ∨ · · · ∨ S k , where S j = S r j , and let i j : S j → W be the inclusion, j = 1, . . . ,k.
We will form Whitehead products of these elements. We inductively define and order basic (Whitehead) products as follows: Basic products of weight 1 are (in order) 
W ).
Then there is Hilton's Theorem [10] . 
The direct sum is finite for each m since h s → ∞. 
as in [10] . We rewrite these invariants as follows: Set
and so on. Thus we have Hopf-Hilton invariants
where t l is the number of basic products of length l.
If Y is any space and β, γ ∈ π r (Y ) and α ∈ π m (S r ), then there is Hilton's Formula [10] :
Corollary 3.2. Let Y be any space and let
For the remainder of the paper we will use the following notation with X = S n 1 ∨ S n 2 ∨ · · · ∨ S n t and ϕ 0 : X → X ∨ X the suspension comultiplication obtained from the suspension structure of X . Unless otherwise stated we will assume that the group structure on any homotopy set [X, Y ] is obtained from the cogroup structure (X, ϕ 0 ).
are the first and second inclusions, respectively, for j = 1, 2, . . . , t.
• ι 1 , ι 2 : X → X ∨ X are the first and second inclusions, respectively.
• π 1 , π 2 : X ∨ X → X are first and second projections, respectively.
• I 1 , I 2 , I 3 : X → X ∨ X ∨ X are the first, second and third inclusions, respectively.
•
• As before, T : X ∨ X → X ∨ X is the switching map and ∇ : X ∨ X → X is the folding map. 
where P j ∈ π n j (X ∨ X) has the property π 1 P j = 0 = π 2 P j for each j = 1, 2, . . . , t.
Furthermore, P j is unique and is the sum of elements of the form w s α s , where α s ∈ π n j (S h s ) and w s ∈ π h s (X ∨ X) are basic products of length 2 in X ∨ X and height h s of elements (written in order)
such that each basic product contains at least one primed and one unprimed element. We observe that these 2 j −2 elements
Since the w s are basic products, the elements α s are uniquely determined by ϕ by Hilton's Theorem.
Definition 3.4. The element P j ∈ π n j (X ∨ X) is called the jth perturbation of ϕ. We call P = (P 1 , P 2 , . . . , P t ) the perturbation of ϕ and write ϕ = ϕ P = ϕ (P 1 ,P 2 ,...,P t ) . We call P or ϕ one-stage if there is some r with 1 r t such that P i = 0 for all i = r.
Given two perturbations P = (P 1 , P 2 , . . . , P t ) and Q = (Q 1 , Q 2 , . . . , Q t ), we can add them in the obvious way
and take the negative of each
This allows us to add and subtract comultiplications on X . If ϕ and ψ are two comultiplications of X , then ϕ = ϕ P and ψ = ϕ Q , for some perturbations P and Q . We define
This gives the set of comultiplications C(X) abelian group structure with unit ϕ 0 . It is easily seen that this group is the same as the group defined in Proposition 2.1. We next introduce some terminology that we will use in the rest of the paper.
Definition 3.5. Let ϕ = ϕ P be a comultiplication on X with perturbation P . Then P or ϕ is said to be quadratic if each P j has only basic Whitehead products of length 2, is said to be strictly cubic if each P j has only basic Whitehead products of length = 3 and is said to be cubic if each P j has only basic Whitehead products of length 3. Now we consider a one-stage quadratic comultiplication ϕ = ϕ P , where P = (0, 0, . . . , 0, P r , 0, . . . , 0), so that P r consists of basic Whitehead products of length 2. Thus P r is a sum of elements of the form
Associativity
Note that a ij = 0 if n r < n i + n j − 1. 
by the Corollary 3.2, since all Hopf-Hilton invariants of a ij are trivial by our hypotheses. Similarly, 
It is therefore possible to weaken the inequality (that is, give a larger upper bound for n r ) and require more Hopf-Hilton invariants of the a ij to be zero and still conclude that ϕ P is associative. The statement of this result is somewhat cumbersome, and we do not give it.
We give two examples which bear on Proposition 4.2. The first shows that the condition on the Hopf-Hilton invariants in Proposition 4.2 cannot in general be deleted. The second shows that the conclusion of Proposition 4.2 is not true for arbitrary quadratic comultiplications. 1. We consider a one-stage quadratic comultiplication on a wedge X of three spheres such that 
But these are both basic products in π 7 (X ∨ X ∨ X) and so they cannot be equal.
2. We assume that X = S n ∨ S m ∨ S p and that ϕ is a comultiplication on X such that
where we assume all Hopf-Hilton invariants of b are zero. Then
and with the vanishing of the Hopf-Hilton invariants,
Similarly,
We assume that ϕ is associative, apply the equation in Lemma 4.1, cancel terms and obtain
But by taking m = 2n − 1, p = 3n − 2, a = 1 and b = 1, we see that
since they are basic products in π 3n−2 (X ∨ X ∨ X). Thus ϕ is not associative.
We next consider associativity for one-stage strictly cubic comultiplications.
Here P = (0, . . . , 0, P r , 0, . . . , 0) and
, head products are basic products. Indeed, these are all the Whitehead products that can appear in P r and so the equality above for P r yields the general expression for a one-stage strictly cubic comultiplication.
To simplify notation, we set a 1 , 
where i < j and m p.
We investigate the associativity of ϕ P and state our result after giving the proof and introducing some notation. We assume in the proof that n r 3n a j + 3n b j + 3n c j − 9, j = 1, 2, 3 and that the first Hopf-Hilton invariants H 
to hold. We compute J 12 Q and J 23 Q .
and α, β and γ go inside the parentheses, by Corollary 3.2. Similarly,
Thus we see that (4.2) holds if and only if
is not a basic product, so, using the Jacobi identity, we write it as a sum of basic products as follows:
Thus (4.2) holds if and only if
where = n m n p − n m − n p , δ = n m n o − n o + n o n p − n p and λ = n i n j .
To simplify matters, we fix the following notation:
Note that the above terms are all basic products and that a = b and a = c because i < j and m p. Thus there are seven possibilities for the first four terms of (4.3), depending on whether or not some of the Whitehead products are equal. We write these seven cases as We conclude the section with two examples to illustrate this Proposition 4.6.
Example 4.8.
n t , where n r = 10. Define a one-stage cubic comultiplication ϕ = ϕ P : X → X ∨ X by
where P = (0, . . . , 0, P r , 0, . . . , 0), k 1 : S 3 → X is the inclusion map and β denotes an element of order 3 in the group [14, p. 186] . Then the hypotheses of Proposition 4.6 are satisfied, so ϕ is associative.
Let
n t , with n r = 24. We define a one-stage cubic comultiplication ϕ = ϕ P : 
Commutativity
In this section we obtain results on the commutativity of quadratic and cubic comultiplications. We first consider quadratic comultiplications ϕ = ϕ P = ϕ (P 1 ,P 2 ,...,P t ) on X . Then for each r = 2, 3, . . . , t, Proof. We determine T P r since T P r = P r is a necessary and sufficient condition for ϕ to be commutative. We have
If n i or n j is even, then (−1)
and T P r = P r . If n i and n j are odd, then (−1) 
) in this case. Therefore if the hypotheses of (1) or (2) holds, T P r = P r . Con-
if n i or n j is even, and We next consider commutativity of strict cubic comultiplications of X . Proposition 5.3. Let ϕ = ϕ P = ϕ (P 1 ,P 2 ,...,P t ) be a strict cubic comultiplication, which has the following form for each r = 1, 2, . . Proof. It suffices to show that P r = T P r .
, it follows that T P r = P r by (1) and (2). 2
Remark 5.4. It is possible to combine Propositions 5.1 and 5.3 and obtain commutative cubic comultiplications.
Algebraic loops
Let L be a set with binary operation '+'. Then L is called a loop if for every a, b ∈ L, the equations a + x = b and y + a = b have unique solutions x, y in L. All of the loops in this section will have a unit e, that is, a + e = a = e + a, for every a ∈ L, and we shall refer to them as algebraic loops. Let L(a) and R(a) be left and right inverses of a ∈ L under the operation + so that L(a) [6] . Clearly an associative binary operation is Moufang. We note that if L is a Moufang loop, then it is not difficult to show that L is inversive and power-associative.
The following result (see [11, Theorem 2.3] and [1, Proposition 1.13] ) is the dual of a well-known theorem of James [12] for H-spaces and gives a connection between co-H-spaces and algebraic loops. 
2. We prove that ϕ is power-associative. It is easily shown that
, and so ϕ is power-associative.
3. This is proved analogously to 1 and 2 (but see Remark 6.5 for another proof). 2 Remark 6.5. In Proposition 6.4, all of the conclusions hold whenever ϕ is associative since associativity implies the three loop properties listed in the proposition. But in Proposition 4.2, associativity is proved for a one-stage quadratic comultiplication ϕ with restrictions on n r and the first Hopf-Hilton invariant. We now observe that we have proved that 1 and 2 of Proposition 6.4 hold without any restrictions on a one-stage quadratic comultiplication. However, the hypothesis of 3 implies that ϕ is associative by Proposition 4.2. Thus 3 follows from Proposition 4.2.
We next give an example to show that quadratic comultiplications which are not one-stage are not necessarily inversive or power-associative.
and define a quadratic comultiplication ϕ on X by
We will use the notation of the proof of Proposition 6.4.
We first show that ϕ is not inversive. Let
If we set W = X ∨ X and x 1 = ι 1 k 1 and
since it is a basic product. Therefore in this case, λ 4 = ρ 4 , and so L(x) = R(x). Hence ϕ is not inversive.
Next we show that ϕ is not power-associative.
Since [x 1 , [x 1 , x 2 ]] = 0, for some W and some x 1 and x 2 as above, it follows that ϕ is not power-associative.
We note that ϕ (0,0,P 3 ,0) +ϕ (0,0,0,P 4 ) = ϕ, and so this example also shows that the sum of two associative comultiplications need not be associative.
We next obtain some loop properties for general one-stage comultiplications on X , not just for quadratic or cubic onestage ones. Since the calculations for the Moufang property are very complicated, we restrict our attention to inversivity and power-associativity.
Let ϕ be a one-stage comultiplication on X = S n 1 ∨ S n 2 ∨ · · · ∨ S n t with perturbations P k = 0 for k = r. We have seen in Section 3 that P r is a sum of terms of the form w s α s , where α s ∈ π n r (S h s ) and w s ∈ π h s (X ∨ X) are basic Whitehead products of length 2 in X ∨ X and height h s of elements (written in order) chosen from
such that each basic product contains at least one of the first t − 1 terms and at least one of the last t − 1 terms. The proof should be clear by looking closely at the proofs of Propositions 6.4 and 6.9, and hence is omitted. We conclude this section by studying the loop properties for a specific class of cubic comultiplications which are not covered by Proposition 6.8.
Let ϕ be a one-stage cubic comultiplication on X with P k = 0 for k = r and Remark 6.11. Similar to Remarks 4.3 and 6.5, we note that it is possible to give a larger upper bound for n r in Proposition 6.9 and Corollary 6.10 by requiring the vanishing of more Hopf-Hilton invariants.
